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INVARIANCE OF THE DRINFELD PAIRING 
OF A QUANTUM GROUP 

TOSHIYUKI TANISAKI 

dedicated to Ken-ichi Shinoda in friendship and respect 


Abstract. We give two alternative proofs of the invariance of 
the Drinfeld pairing under the action of the braid group. One uses 
the Shapovalov form, and the other uses a characterization of the 
universal i?-matrix. 


1. Introduction 

Let U be the quantized enveloping algebra over Q(g) associated to 
a symmetrizable generalized Cartan matrix {aij)ij(zj. We have the tri¬ 
angular decomposition U = U~U^U~^, where is the Cartan part, 
U~^ = (cj I i G /) is the positive part, and U~ = (/, | i G /) is the 
negative part of U respectively. In application of the theory of quan¬ 
tized enveloping algebras to other helds such as mathematical physics 
and knot theory, the universal i?-matrix plays a crucial role. For ex¬ 
ample, to each representation of the quantized enveloping algebra one 
can construct a knot invariant by specializing the universal i?-matrix. 
Therefore, it is an important problem to give an explicit description 
of the universal i?-matrix. This problem is equivalent to giving an ex¬ 
plicit description of the Drinfeld pairing r : U~^ x U~ —)■ Q{q), which is 
a bilinear form characterized by certain properties, since the universal 
R- matrix is dehned in terms of r (see [T]). On the other hand, the 
Drinfeld pairing r plays an important role in many aspects of the rep¬ 
resentation theory. For example, in the hnite case various properties of 
representations when q is not a root of 1 are deduced using properties 
of r (see for example 0)- 

For i G /, denote by Tj : U —)■ U the algebra automorphism intro¬ 
duced by Lusztig [5j (in the hnite case there is a different dehnition due 
to Levendorskii and Soibelman lU)- It is a lift of the simple rehection 
of the Weyl group. Let IF = (s, | i G /) be the Weyl group. Let 
w G IF, and take a reduced expression w = Si^ ■ ■ ■ Si^. Set 

eft = Ti,--- Ti^_, (64), f 0 ^=Ti^... Ti^_^ (/4) 
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for fc = 1,..., r. Then there is a well-known formula for the value of 

( 1 - 1 ) •••/,-) 

(see |3], |1], [5]). In the hnite case | mj ^ 0} (resp. 

I forms a basis of U~^ (resp. U~) so that the 

formula for fll.ll) gives an explicit description of r. A crucial step in 
the proof of the formula for fll.ip (using Lusztig’s dehnition of T,) is 
the following invariance property; 

(1.2) T(Tr\x),Tr\v)) = T(x,y) 

{,xeU*nTi{U*), yeU-nTi{U-)). 

The original proof of this result in [5] uses lengthy computation con¬ 
cerning certain generating sets of the algebras fl Ti{U^) (in the 
detailed account it occupies whole Chapter 8 A). 

The aim of this note is to give two shorter proofs of fll. 21 ) . The hrst 
one relies on a relation between the Drinfeld pairing and the Shapo¬ 
valov form given in Proposition 15.21 below. We think Proposition 15.21 
is of independent interest. The second one uses a well known char¬ 
acterization of the universal i?-matrix. We hope our investigation in 
this paper concerning r including the new proofs of fll. 2 p will be use¬ 
ful in the future especially in developing the representation theory of 
quantized enveloping algebras. 

The second proof using the universal i?-matrix has been obtained 
in examining the comment by H. Yamane suggesting the possibility of 
another approach along the line of Levendorskii and Soibelman [1]. I 
would like to thank Hiroyuki Yamane for this crucial suggestion. 

2. QUANTIZED ENVELOPING ALGEBRAS 

Assume that we are given a hnite-dimensional vector space f) over Q 
and linearly independent subsets of f), 1)* respectively 

such that {{aj, hi))ij^j is a symmetrizable generalized Cartan matrix. 
Set 

Q = ^ Zdi, Q+ = ^ Z>oa*. 

iei iei 

The Weyl group W is the subgroup of GL{1)) generated by the in¬ 
volutions Si {i G I) defined by Si{h) = h — {ai,h)hi for h G f). The 
contragredient action of VP on f)* is given by Si(A) = A —(A, hi)ai {i G I, 
A G li*). Set E = '^i^jQc^i- We can take a IP-invariant symmetric 
bilinear form 

( , ) : E X E ^ Q 

such that e Z>o for any i E I. Then we have (dj, aj) G Z 

ioT i,j G /. We assume that we are given a Z-form 1)^ of f) such that 
{tti, \)t) C Z and U := G f)z for any iEl. For 7 = Yxi ^ Q 

set Then we have ( 7 , ts) = ( 7 , 5) for ^,6 E Q. 
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For n G set 


Cc'^ Tl 

[n]x = -T ^ '^[x,X~^], [n]\x = [n]x[n - l]a; • • • [l]a; e z[x,x~^]. 

The quantized enveloping algebra U associated to f), {hi}i^i, {aijjg/, 
( , ), l)z is the associative algebra over F = Q(g) generated by the 
elements kh, e^, fi {h G [)z, * £ I) satisfying the relations 


( 2 , 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 


ko 1 ) kfikfi' kfij^fi' 

khCik-h = 


khf^k.h = 

k- — k~^ 

e^fj - f,e, = 5,,^ -^ 

qi-Qi 

r+s=l—(aj,hi) 

Y. 

r+s=l—(aj,hi) 


= 0 

= 0 


(h, h' G f)z), 
(h ef)z,ie I), 
{h G l)z,i e /), 

(hi e I), 

(qj G /, i ^ j), 
(qj G /, i^i), 


f h) _ 1 fr 

J i \r\\„. J i 


where ki = kt^, qi = g("i’"d/2 fQj, i ^ and e^' = 
for i G /, r G Z^q- For 7 G Q we set k^ = k^. 

The associative algebra U is endowed with a structure of Hopf alge¬ 
bra by 


(2.7) A{kh) = kh kh, 

A{ei) = Ci^l + ki^Ci, A{fi) = fi® k~^ + 1® fi 

( 2 . 8 ) e{kh) = 1 , e{ei) = e{fi) = 0 , 

(2.9) S{kh) = k^\ S{e,) = -k-^e„ S{f,) = -fA 


for h G l)z, i G /. We will sometimes use Sweedler’s notation for the 
coproduct; 

= E“(0) ® “(b ^ 

(it) 

and the iterated coproduct; 


Am{u) = '^U^0)®---®U^rn) (uEU). 

('fi)m 


Dehne subalgebras U^, U'^, U , U=^, U=^ of U by 

U^ = {kh\hE fe), 77+ = (e, M G J), f/" = (/, | * g J), 

f/=° = {kh, ei \ h E\)zA E I), U=^ = {kh, fi \ h E i)z,i E I). 


17° = 0FA:,. 

h€t)z 


Then we have 
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For 7 G Q set 

= {u ^ U \ khukj^^ = (h G 

Then we have 


[/± = u^r\ u^. 




± 

± 7 ' 


76Q+ 


It is known that the mnltiplication of U indnces isomorphisms 
U ®U- ^U- ®U^ ® f/+, 

t/=o ^ f/+ ^ ^ f/o 0 f/+, U=^ ^U- = U^^U- 


of vector spaces. 

We dehne an algebra antomorphism 
( 2 . 10 ) ^■U®U^U®U 

by 

$(« 0 u') = q~^^’^'^uk_s ® u'k--y {'y,5 & Q, n G IXy, u' G Us). 

Set 

P = {A G r I (A, f)z) c Z}, p+ = {A G P I (A, hi) G Z 70 (t e /)}. 

For a (left) P-modnle Id and A G P we set 

lA = e I (/^e()z)}. 

A P-module V is said to be integrable if 1/ = 0;^gp 14 and for any 
n G lA and z G / there exists some > 0 snch that = 0 

for N. For A G P’*' dehne P-modnles 14(A), 1A_(—A) by 


r+(A) =[// ( ^ U(k„ - + J2Ue, + Yl 

\/iGf)z *G/ iGl 

V.{-\) =C// [ Y1 Gf*:* - 9''"’'“’) + I] G/. + E Ge 

\/iGf)z *e/ iG/ 


) 


They are known to be irredncible integrable P-modnles. For A G P~^ 
we set fA = 1 G 14(A), and V-\ = 1 G 1A_(—A). 

For P-modnles lA, V we regard lA 0 lA' as a P-modnle via the co- 
prodnct A : P U®U. If lA and lA' are integrable, then so is lA0lA'. 

The following resnlt follows easily from the proof of [21 Lemma 2.1]. 


Proposition 2.1. The following conditions on u ^ U are equivalent 
to each other: 

(a) u G P-° {resp. u G P-°), 

(b) for any integrable U-module lA and for any A G P^ we have 
u{V ® vx) C V ® vx {resp. u{V 0 v_x) C P 0 P-a), 

(c) for any integrable U-module V and for any A G P^ we have 
u{vx ®V) <Z vx®V {resp. u{v-x ®V) C V-x ® V). 
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3. BRAID GROUP ACTION 


We set 

°° 1)/2 

exp^(2/) = J2~n'\ - ^ (Q(2^))[b]]- 

n=0 

Then we have exp2.(i/) exp3,-i(—i/) = 1 . 

For i G / and t G we set 


(Ti{t) = expg.(tg. ^fciei)expg.(-t Vi) expg,(tgi/Ci V*) 

(see 0 )- It is regarded as an invertible operator on a integrable U- 
module. Moreover, for any integrable fZ-module V and any A G P we 
have o'i{t)Vx = Vs^x. If we are give fj G for each i E I, then the 
family satishes the braid relations. We have 


O'i(t) 

= expg.(tg“”"^fcVVi) expg.(-t-V"”V”/i) expg.(tg"”+VV^ei) 

= expg.(-fV*””"^ V”“Vi) expg.(tg“”Vei) expg.(-t-V"”+V“”+Vi) 

for any n G Z. 

For z G / we define operators and on a inte¬ 

grable P-module V by 

±hiihi+l)/2 ^ ±\ihi)i\ihi)+l)/2 ±hi{hi-l)/2 ^ ±A(hP(A(hP-l)/2 

Vi ^ Hi ^ I Hi ^ Hi ^ 


for A G P, n G Va- Then in the notation of [5] we have 


V-i = q. 


—hi{hi-\-l) I2 


cXi(-l), T'' = g, 


-hi{hi-l)/2 




and Vi = ^ = (n-i)-'- 

Remark 3.1. If we extend the base field F = Q(g) to we can 

write 


/,\ h'^/2 /, \ —h'^/A / p\ - 

ai{t)=qi^ expg.{tei)qi expg.{-t fi)q^ 

=qi expg.(-t fi)q^ expg,(tei)gi 
/, \ —/i?/4 / ,_i - \ —/i?/4 

= expg.(teOg^ exp^.(-t fi)q. 

= expg.(-t fi)qi expg.{tei)qi 


-hl/i 


-hl/i 


expg,(tei) 

exp„,(-fVi) 




expg.(tei)g, 

exPg.(-fVi)?; 


,\P 2 


In the following we set T* = (Tj(—In the notation of 
[5] we have T* = T'\. There exists a unique algebra automorphism 
Ti U ^ U such that for any integrable P-module V we have Tiuv = 
Ti{u)TiV {u E U,v E V). Then we have Ti{U^) = for 'y E Q. The 
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action of Tj on U is given by 


Ti(^hfi) kg^hi 

Ti{ei) 

= -hh, R{ff) = 

-ki le* {h e f)z), 

Ti{ej) = 

E 


(j e I® ^j), 

r+s 

=-(ajg 



Ufj) = 

E 

(-PfqULfUL 

U e 7, i 7^ j) 


r+s=—{oLj,hi) 


(see 0)- We can easily check that 

(3.1) $ • (Ti (g) Ti) = (Ti (g) Ti) • $. 

For i G / and integrable fZ-modules V, V we dehne operators Zi : 
V <g) V'^ V (3 V' and Hi : V (3 V'^ V (g) V'hy 

= expg.((gi - q~^)fi ® e^), Ri = expg/(-(gi - qr^)ei ® fi). 
They are invertible with 

zy = p{Ri), 

where P{x 3 y ) = y ® x . 

The following result is well-known (see 0) 0) 0)- 

Proposition 3.2. Let V and V he integrable U-modules. Then as an 
operator on V ®V' we have 

R = {Ti ® Ti) • Z, = ■ {Ti 3 Ti). 

Lemma 3.3. For u E U we have 

(3.2) A(T-‘('t.)) =Z-‘. (T-‘ ® r-‘)(A(«)). Zi, 

(3.3) A(7’i(ti)) =«-'(«.-') ■ (Ti ® rj)(A(t<)). ■i-'iW). 

as operators on the tensor product of two integrable U-modules. 
Proof. By Proposition 13.21 we have 
A{T-\u)) =T-^ ■ A{u) ■ R 

=Z-^ ■ (71-1 ^ ^ 

=Z-i-(71-i®71-i)(A(«))-Z„ 

and hence fl3.2p holds. The proof of fl3.3p is similar. □ 

Using Proposition 13.21 we see easily the following (see [SI Lemma 

2 . 8 ]). 

Lemma 3.4. We have 

A(T,(f/=°)) CU® T,(f/=°), A(T,(U=°)) C Ti{U=^) ® U, 

A(T-i(f/=°)) C T-i(f/=°) ^ f/, A(7i-i(U=°)) ®U® 7i-i(f/=°). 
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Lemma 3.5. We have 

f/+ n Ti{u=°) = f/+ n T,([/+), u- n Ti(f/=°) = f/- n 

n T-\u=^) = u+n T-\u+), u- n t-\u-^) = t/- n t-\u-). 


Proof. We only show the hrst formula since the proof of the others 
are similar. 

Let u G n Ti{U-^). Let V be an integrable [/-module, and let 
V ^ V. For A G P~^ we have 


T-'(u)(v ® V,) = (Z-‘ . (T-^ ® r-‘)(A(«)))(,. ® 
by 03.2p . By Lemma [3.41 we have 

A(m) GM (8)1-1-[/=°®(( 0 [/+)nT,([/=°)), 

7 GQ+\{ 0 } 

and hence 


(rri 0 ry)(A(«))erri(„) 0 i + t;®c/«( 0 u+). 

7 GQ+\{ 0 } 


Therefore, we have 

T~^{u){v ( 8 ) vx) = Z~^{T~^{u)v 0 vx) = Tjh^{u)v 0 vx- 


Write 


Then we have 


Ti ^( m ) = '^Uhh 

h£i)z 


{U^ G U+). 


T. ^(M)(T0t;A) = '^Uh{hv Z) hvx) = y^J^^’'"^Uh{khV Z)Vx) 

h h 

= y^^qWh)^hkhV®vx, 

h 

Tr^{u)v ®vx = y^UhkhV 0 ua , 

h 

and hence ~ ^)uhV = {0} for any integrable [/-module V. 

By [5l 3.5.4] we obtain ^ ^ ^ 

this we see easily that Uh = 0 for any h 7 ^ 0 . □ 


By Lemma 13.41 and 13.51 we obtain 

(3.4) A([/+ n Ti([/+)) c[/=° 0 ([/+ n Ti([/+)), 

(3.5) A([/- n T,([/-)) c([/- n Ti([/-)) 0 [/=°, 

(3.6) A([/+ n T-\u+)) c([/+ n 7;-^([/+))[/° 0 [/=°, 

(3.7) A([/- n T-\u-)) c[/=° 0 ([/■ n 7;-^([/-))[/°. 
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4. Drinfeld pairing 


Set 

= 0 ¥k^ c 

i&Q 

The Drinfeld pairing is the bilinear form 

U=° F 


[7^0 = u^u-. 


characterized by the following properties: 


(4.1) 

x{,x, yiy2) = (r 0 r)(A(a;), i/i 0 1 / 2 ) 

{x^m\y,,y2^iJ=^), 

(4.2) 

r(a;iX 2 , y) = {r ® t){x 2 0 Xi, A{y)) 

{xi,X2eU^\yeU^^), 

(4.3) 

T{k^, ks) = 

G Q), 

(4.4) 

= -Sijiqi - 

{hi e /), 

(4.5) 

T{ei, k^) = T{k^, fi) = 0 

Q). 

It satishes the following properties: 


(4.6) 

T[xk~^,yks) = T{x,y)q {x 

EU^,yEU-,^,6EQ), 

(4.7) 

t(U*,U:s) = {0} 

(7,5Gg+,7^5), 

(4.8) 

R+xc/- is non-degenerate 

(7 G g+), 

(4.9) 

T{Sx,Sy) = T{x,y) 

{x E iJ=\yE D=°). 


Moreover, for x G U=^, y G U-^ we have 

(4.10) xy = E ^(a^(o), 2/(o))T(a;(2), S'i/(2))i/(i)a;(i), 

(a:)2,(y)2 

(4.11) yx = E T{Sx(o),y(o))T{x(2),y{2))x(i)y{i) 

i^)2,{y)2 

(see [7]). 

For the sake of completeness we include proofs of several well-known 
facts concerning r. 

Lemma 4.1 (see Proposition 38.1.6 of 0). We have 

17+ n T,(17+) ={u G [/+ I t{u, U-U) = {0}}, 

U- n T,(f/-) ={u G U- I r(17+e,, u) = {0}}, 

f/+ n T-I(f/+) ={u G f/+ I r(R, f\U-) = {0}}, 

f/- nT-^(t/-) ={m G U- I r(eit/+,w) = {0}}. 


Proof. We only show the hrst formula since the proof of the others 
are similar. 
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Assume u e [/+ fl Ti{U^). By fl Ti([/+) C 0^gQ+nsiQ+ and 
fl4.7p we have t(U~^ fl Tj(f/+), /j) = 0. Hence by 03.41) we obtain 

r{u,U~fi) = ^r(M(o),f/")r(M(i),/i) = {0}. 

(“) 

Assume u G U~^ satisfies T{u,U~fi) = {0}. We have only to show 
T~^{u) G U-^. By Proposition 12. II it is sufficient to show that for any 
integrable [/-module V and any A G we have 

(4.12) T~^{u){V 0 ua) C H 0 vx- 
We first show 

(4.13) A(n)cf/=° 0 [ 0 [/+]. 

\7eQ+\Z>oai / 

For r > 0 define Ur G U~^ by 

A(n) G ^n,fc[0e[-f[7=°0 j 0 f/+ . 

r ->0 \ 7 eQ+\Z>oai / 

Then for y G U~, m > 0 we have 

0 =t{u, yfD = 9 )t(«h,, /") = rKAr, vHeT, /D 

(u) 

=T{u^,y)T{eT,fn- 

By r(e”^, Z™) 7 ^ 0 we obtain = 0 for any m > 0. We have verified 

dm. 

On the other hand by [/+ /"^ C 'w® have 

(4.14) m G Z^o, 7 e g+ \ Z^o«* ^ U+f^vx = {0}. 

Now we can show 04.12p . By 03.21) we have 

rri(«)(v ® =z-‘(rr' ® Tri)A(«)(v' ® r.«,) 

=z-‘(r-‘ ® T-‘)A(«)(r ® /f''‘A,). 

By dm, we have 

A(n)(H 0 ft’’^^^vx) = (n 0 1)(H 0 /f’"^“^ ua) C H 0 /f 
and hence 

T-\u){V 0 ua) C Z-\V 0 T-^fi^’'^'Kx) = Z-\V 0 ua) = H 0 ua. 

□ 

Lemma 4.2 (see Lemma 38.1.2 of 0). The multiplication ofU induces 
isomorphisms 

[/+ ^F[ei] 0 ([/+ n 7/^^([/+)) = ([/+ n 7/^^([/+)) 0 F[ei], 

u- ^F[/i] 0 {U- n T^^\u-)) ^ {U- n 0 ¥[fi]. 
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Proof. We only show = F[ej](8)(t/+nTi([/+)) since other formulas 
are proved similarly. The injectivity of F[ej] <8) {U^ n Ti{U^)) —)■ 
follows from T-\¥[ei]) 0 T-\U+ n Ti{U+)) C [/=° ®U+^U. Hence 
it is sufficient to show that for any 7 G Q we have 

dimt/+ = ^dim(H+_^„, nTi(H+)). 

For 6 E Q we have dim(t/r 5 fl U~ fi) = diml7T^^_^,^ = dimf/^^., and 
hence dim(f// r\Ti{U~^)) = dimf// — dimf/^^, by Lemma ITTl fl4.7|) . 
fl4.8p . It follows that 

^dim(H^_^„.nTi(t/+)) = ^(dim -dim = dimH+ 

since dim = 0 for r S> 0 . □ 

Lemma 4.3 (see Proposition 38.2.3 of [5]). (i) Forx e U^nTi{U^), 

y G U~ n Ti{U~), m,n E Z^q we have 

T{xeT,yfn = r{x,y)T{eT,fn- 

(ii) Forx E U~^ r\T~^{U~^), y E U~ r\T~^{U~), m,n E Z70 we have 

T{eTxjry) = T{x,y)T{eTJn- 

Proof. We only show (i) since (ii) is proved similarly. For x E U~^ fl 
Ti{U~^), y E U~ n Ti{U~), m,n E Z70 we have 

T{xeT,yfn ={r^r){eT(^x,A{yfn) 

= (r 0 T){e^ 0 a;, ^ 1/(0)/” 0 y{i)K'^)) 
iv) 

= 5; r(C.!/(0)/r)r(x, 

iv) 

= ^(r 0 r)(A(e”^), 1 /( 0 ) 0 /r)r(a;, i/p)) 

{y) 

= Y 1 y{o)M(^T^ 2/(1)) = r(e™, /r)r(x, y). 

{y) 

Here, the second identity follows from Lemma ITTl and the hfth identity 
is a consequence of 03.51) and Lemma 14.11 The statement (i) is proved. 

□ 


5. Invariance 

5.1. Main result. The purpose of this note is to give two simple proofs 
of the following fact. 
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Theorem 5.1 (see Proposition 38.2.1 of [5]). For x e ?7+n 
y G U~ n Ti{U~) we have 

'riT-\x),Tr\y)) = T{x,y). 

5.2. The first proof. By the triangular decomposition U = U~ 0 
f/° 0 we have 

u = {{U- n KeT{e))U + U{U+ n Ker(e))} © t/°. 

We dehne a linear map 

p:U 

as the projection with respect to this direct sum decomposition. The 
following fact is crucial. 

Proposition 5.2 (see Proposition 19.3.7 of [5]). Let 7 e Q+, and let 
X G y G UZ^. Assume 

A{x) G T 0 1 + ^ 0 f/+ 

Sex 

for X C \ {0}. Then we have 

p{xy) G fc-T, j T{x,y) + '^¥k 2 s 
\ Sex 

Proof. Writing 

= (Sr G Q^,Xr G U^^x'^ G 

r 

^{y) = ^ys® k-^sP's iZs G Q+,I/, G uz^^ , y's G 

s 

we have 

A 2 {x) G ^ x%^ 0 ks^ 0 T, + 0 U%U+ n Ker(£)) 0 7/+, 

r 

A 2 {y) ^^ys® k_^^ 0 k_^^y'^ + 77-0 {U- n Ker(£))f/° 0 U=\ 

s 

Hence by (gS]), (gZD, flCTID we have 

P{xy) = ^iKksr,ys)r{xr,S{k_^^y'^))ks^-^^ 

Sr+'ys='r 

=^-7 I ^(K^ys)r{xr,S{y'^))k2s, j , 

\5r+7s=7 / 



from which we easily obtain our desired result. 


□ 
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Now let US give our first proof of Theorem I5.11 We may assume 
X G tW n Ti{U~^), y G UZ^ n Ti{U~) for 7 G . By Proposition 15.21 it 
is sufficient to show 

P(T-^{x)T-^{y)) G k_sz-i) ( ^(^,2/) + 

\ <56Q+\{0} 

By dSai), dll]) we can write 

^{x) = ^{y) ='^ys®k_^J,, 

r s 

where Sry^s G Q+ n Xr G nTj(f7+), x'^. G ys e H 

Ti{U~), y'g G UZf^^_^^y Furthermore, by fl3.4p . fl3.5p and Lemmawe 
can write 

A(a:,) G O Xrm + 17=°(17+ n Ti(17+) n Ker(£)) 0 17+, 


m>0 


A(i/,) eJ^Vsn® ® (^” H T,(f/-) H Ker(£))17^°, 


n>0 


where Xrm e nTi{U+), y^n e nTi{U ). Then 

have 


we 


A2(a:) - '^X'^ks, 0 e^^'^ks.-mat ® Xrm 

G t/=° 0 f/=°(t/+ n Ti{U^) n Ker(£)) 0 f/+, 


r^m 


A2(1/) - ® ® k.^sV's 

s,n 

G t/“ 0 (t/- n Ti{U-) n Ker(£))f/=° 0 f/=°. 
Hence by fl4.6p . fl4.7p . 04.101) we obtain 


(5.1) 

Xy ^ ^ x{x^^ ysm)x{x^mi (7^—map/j 

7s+5r=7—mai 

G (t/“ n Ti(f/-) n Ker(e))f/ + f/(f/+ n Ti(f/+) n Ker(£)). 
In particular, we have 

P{xy)= ^ r«, 2 /,o)r(x^o,* 5 (l/D)^- 7 + 25 ri 

7s+5r=7 

and hence 

(5.2) T{x,y)= ^ r(4,i/,o)r(a;^o,*F(i/()) 

7s=7>'5t-=0 
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by Proposition 15.21 Next we apply ^ to fl5.ip . We can easily check 
that 


where 

ki 
m 

It follows that 


ki 

m 


+ U{U^ n Ker(£)) + (t/" n KeT{e))U, 


TT ^ <^1 Hi i^i 


r=l 


r —r 

Hi - Hi 


ki 

m 


ksi(5r-'is) 


Ti^{.xy)- ^ T{xl,ysm)T{xrm,S{yl)) 

7s+i5r=7—moi 

e U{U^ n Ker(£)) + (t/" n KeT{e))U, 

and hence 

ki 


p{Ti^{xy))= ^ T{xl,ysyn)r{xr^,S{yl)) 

~fs+&r='1-mai 


m 


k 


Si{5r-'ys) ■ 


Note 


ki 

m 


£ k-mai ( Ffc; 


2na-i 


n>0 


If 7s + 5r = 7 — mttj, then we have 

Si(<^r - 7s) - ^oti = -sa + 2si{6r - mai). 

Recall that Xrm £ fl Ti{U^). Hence if Xrm 7^ 0, then Si{5r — 

mai) G ■ Moreover, by 5r G fl SiQ^, 5r — mai = 0 happens only 
if = 0 and m = 0. It follows that 

p{T-\xy)) ek-sa i ^i^Uyso)r{xro, S{yl)) + ^ ¥k2s 

\7=0,7s= 7 (5eQ+\{0} 


=k-sa I r{x,y) + ^ Wk2s 

\ <5gQ+\{0} 

by fl5.2p . The proof is complete. 

5.3. The second proof. For each 7 G Q~^ we denote by 0.^ G 0 
UZ^ the canonical element of the non-degenerate bilinear form t\u+^jj- . 

Namely, for bases {xj}, {yj} of f/+, UZ^ respectively such that T{xj, yu) ■ 
6jk we set 0.^ = J2j xj 0 yj- We regard the inhnite sum 

e = ^ e, 

7GQ+ 


(5.3) 
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as an operator on the tensor product of two integrable tZ-modules. For 
u E U we set 


A'{u) = P{A{u)), 

where P{ui <8) U 2 ) = U 2 ® Ui. The following fact is crucial. 
Proposition 5.3 (see Theorem 4.1.2 of |S]). We have 

(5.4) A'(m) ■ 0 = 0 ■ (<F(A(m))) {u e U). 

Moreover, the family G U:^ ( 8 ) UZ^ (7 G Q~^) is uniquely determined 
by the equation fl5.4p . 

Let us give our second proof of Theorem 15.11 
Dehne a bilinear form 


f : [/+ X f/- ^ F 


by 


f{xeT,yff) = T{T-\x),T-\y))T{eTJn 

for X G U~^ n Ti{U~^), y G U~ 0 Ti{U~), m,n E (see Lemma 
14.2p . Then it is sufficient to show t\u+xu- = b in view of Lemma 
14.31 For 7 G Q~^ let 0.^ be the canonical element of f , and set 

0 = 'f2-y&Q+ ® 7 - Since t\u+xu- ami f are uniquely determined by 0 

and 0 respectively, it is sufficient to show 0 = 0. Moreover, by the 
uniqueness in Proposition 15.31 this is equivalent to 

(5.5) A'(m) ■ 0 = 0 ■ $(A(m)) {u E U). 

For 7 G n Sj(Q’'') let 01^ and 0" be the canonical elements of 
''’l(t/+nTi(t/+))x(i/r^nTi(t/-)) respectively, 

and set 0' = Y.-^^Q+ns,{Q+) % and 0" = Y.^^Q+nsZQ+) ®r Lemma 
14.31 and the formula 


re, 


I rn\ e 
,fi)=dn 




n{n—l)/2 


{(Pi 


-1 


n 


■Qi 


we have 


(5.6) e = Q'-Ri = Ri- 0", 


Q = {Ti^R){Q")-R,. 
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It follows that 

A\u)-Q=A'{u)-{Ti®T,){Q")-R, 

= {Ti 0 T,)((7t-i 0 T-^){A'{u)) ■ 0") ■ R, 

={Ti 0 R){R-^ ■ A'{Tr\u)) ■ RS”) ■ Ri 
={R 0 T,)(i?-' ■ A'{Tr\u)) ■ Q) ■ R, 
={R®R){R-^Q-^A{Tr\u))))-R, 

= (Ti0T,)(0"-$(A(T-i(M))))-i?, 

=QR-^ ■ {R®R)mAiTr\um ■ R, 
=QR-^-<!>{{R^R){A{T-\u))))-R, 

=0 ■ )-i ■ {R 0 R){A{Tr\u))) ■ <I>-\R.)) 

=0-$(A(«)) 

by fl3.ip , fl3.2p , fl3.3p , fl5.6p . We have proved fIS.Sp , and hence our second 
proof of Theorem 15.11 is complete. 
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